Abstract: Stringent Swampland conjectures aimed at effective theories containing massive abelian vectors have recently been proposed [15] , with striking phenomenological implications. In this article, we show how effective theories that parametrically violate the proposed conjectures can be UV-completed into theories that satisfy them. The UVcompletion is accessible through both the Stückelberg and Higgs mechanisms, with all dimensionless parameters taking O(1) values from the UV perspective. These constructions feature an IR limit containing a light vector that is parametrically separated from any other massive states, and from any cut-off scale mandated by quantum gravity consistency requirements. Moreover, the cut-off-to-vector-mass ratio remains parametrically large even in the decoupling limit in which all other massive states (including any scalar excitations) become arbitrarily heavy. We discuss how apparently strong constraints imposed by the proposed conjectures on phenomenologically interesting models, including specific production mechanisms of dark photon dark matter, are thereby circumvented.
Introduction
The Swampland program aims to identify a well-defined set of conditions that effective field theories need to satisfy in order to be compatible with a UV-completion into a theory of quantum gravity [1] [2] [3] [4] [5] . Some of the best-known conjectures in the list of Swampland criteria are based on arguments regarding extremal black hole decay or absence of black hole remnants, such as e.g. the weak gravity conjecture (WGC) [2] , or the absence of global symmetries [6] [7] [8] [9] . String theory then provides a playing field to look for counterexamples, gain intuition that allows to sharpen the various versions of these conjectures [10] [11] [12] [13] [14] , or propose new ones.
In [15] , two new additions to the list of Swampland criteria were proposed, aimed at effective theories containing U (1) gauge bosons whose mass arises through the Stückelberg mechanism. Specifically, [15] argues that in a theory featuring a vector with a Stückelberg mass m γ = gf θ , with g the corresponding gauge coupling, the following statements hold:
(1 ) 'Stückelberg cut-off ' conjecture: there is a cut-off at the scale Λ √ f θ M P l , beyond which the effective field theory description breaks down.
(2 ) 'Radial mode' conjecture: there is a dynamical scalar degree of freedom present at the scale m σ f θ .
These are adaptations of conjectures that already exist as applied to fundamental axion fields θ with period 2πf θ [4] . The main insight of [15] is to argue that they should also apply to massive vectors when the mass arises through the Stückelberg mechanism, since in such case the longitudinal mode of the vector may be regarded as a compact axion. Motivation behind conjecture (1 ) rests on the observation that, in known string theory constructions, the point in moduli space at which the period of a compact axion vanishes -and therefore the vector mass in the Stückelberg mechanism -lies infinitely far away from any other point with non-zero period. This, together with conjecture no. 2 in [4] , which states that the low energy effective theory defined around a given point in moduli space only remains consistent within a finite distance of such point, suggest that the limit f θ → 0 should be non-smooth, and that the effective theory should have a cut-off scale that vanishes in that limit. The specific form Λ √ f θ M P l is obtained by applying the WGC to the theory dual to the scalar θ, namely a U (1) gauge theory with an associated 2-form gauge potential, and it is further motivated by arguments regarding the absence of black hole remnants [16, 17] .
Regarding conjecture (2 ) , the idea that there must be a radial mode accompanying the axion whose mass is not arbitrarily heavy was first proposed in [4] (conjecture no. 4). Refinements of this conjecture in [15] , through arguments based on the expectation that instanton effects will break the continuous shift symmetry of the axion field, further justify the upper bound m σ f θ . Although this may well be the situation in general (such as e.g. if the axion couples to the topological term of a non-abelian gauge theory, or in specific string constructions), this precise bound is more a statement about consistent interacting effective field theories than it is about a consistent theory of quantum gravity. In particular, conjecture (2 ) is peculiar as a statement about quantum gravity insofar as, unlike conjecture (1 ), taking the limit M P l → ∞ does not decouple the radial mode.
Regardless of the precise form that conjecture (2 ) should take qua a consistency condition of quantum gravity, we nevertheless entertain it in the following -not least because we will also be considering Higgs theories, for which the conjecture obviously holds.
The conjectures in [15] lead to (at least) two phenomenologically relevant consequences. First, in conjunction with current experimental upper bounds, they imply that the Standard Model (SM) photon must be completely massless. Second, these conjectures have the potential to significantly constrain the region of parameter space that is realizable for models of dark photon dark matter. Specifically, if the dark matter relic abundance of dark photons is produced through inflationary fluctuations, as proposed in [18] , the conjectures of [15] imply that dark photon masses below ∼ 10 eV may be inconsistent with a further UV-completion into a theory of quantum gravity. If true, this would wipe out a significant region of the relevant parameter space in such theories, since from a low energy perspective dark photon masses as low as ∼ µeV are consistent with a dark matter abundance generated from inflationary fluctuations.
In this work, we robustly demonstrate that the conjectures in [15] , even if true in the UV, need not imply phenomenological consequences in the IR. That is, low energy effective field theories can appear to parametrically violate the conjectures, thereby removing phenomenological constraints. Our counter-example unsurprisingly takes the form of a small modification of the clockwork mechanism of [19, 20] as applied to vectors [21] , and for reasons that will become apparent in the following we refer to it as 'broken clockwork'.
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(i) it contains a massive photon that is parametrically below any other massive degrees of freedom, in particular any radial mode,
(ii) it allows for a decoupling limit in which scalar excitations (and other massive states) become arbitrarily heavy, but a parametric separation of scales remains between the photon mass and any cut-off scale mandated by quantum gravity arguments, (iii) despite parametrically violating conjectures (1 ) and (2 ), it can be UV-completed into a theory that satisfies them, and the UV-completion can be implemented both through the Higgs and Stückelberg mechanisms, and (iv) properties (i)-(iii) hold for O(1) values of the UV parameters.
The rest of this paper is organized as follows. In section 2 we review the clockwork mechanism as applied to vectors, as well as the properties of vector clockwork theories in the context of the WGC (following [21] ), and show how the vector clockwork construction can also be UV-completed through the Stückelberg mechanism. In section 3 we present how these constructions can be modified in order to obtain a theory that satisfies properties (i)-(iv). Section 4 revisits the phenomenological implications of conjectures (1 ) and (2 ), and discusses how broken clockwork models circumvent the constraints of [15] . We summarize our conclusions in section 5.
Vector clockwork, and the WGC
We begin by reviewing the original clockwork mechanism of [19, 20] as applied to abelian gauge theories in section 2.1, as well as the status of the WGC in the context of these constructions, following [21] . In section 2.2 we present a Stückelberg UV-completion of vector clockwork.
Vector clockwork through Higgsing
The discrete version of the clockwork construction as applied to vectors consists of a theory with a gauge group that is a product of N + 1 independent U (1) factors, G = N j=0 U (1) j , with a low energy effective lagrangian describing the gauge sector of the form [21, 22] 
where q is a dimensionless quantity that needs to be q = 1 for clockwork to operate, and m 2 is a mass-squared parameter that breaks N of the N + 1 U (1)'s. Without loss of generality, here we will consider the case q > 1. Compactness requires charge be quantized, and for simplicity we assume the charge quantum g is the same for all U (1) j factors.
-3 -A partial UV-completion to Eq.(2.1) is achieved by introducing N Higgs fields φ j carrying charges 1 and −q under the U (1) j and U (1) j+1 factors. The corresponding lagrangian then reads
where D µ φ j = ∂ µ φ j − g(A j − qA j+1 ) µ φ j , and V (φ j ) denotes a non-trivial potential for each complex scalar such that |φ j | = v/ √ 2. Eq.(2.1) with m 2 = g 2 v 2 then corresponds to the effective lagrangian describing the gauge sector of the theory, in unitary gauge. (It is useful to think of this construction in terms of a quiver theory, as depicted in Figure 1 .)
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(1, q) Upon diagonalization, the spectrum of mass eigenstates contains a massless vector, corresponding to the U (1) factor that remains unbroken, which we refer to as U (1) cw . In terms of the gauge fields associated to the individual lattice sites, it is given by 3) where N = q 2N + · · · + q 2 + 1 ∼ q N . The massless mode A γ is a linear combination involving the N + 1 gauge bosons of all the original U (1) factors, but with exponentially distributed coefficients. In terms of the quiver theory of Figure 1 , it is exponentially localized towards the j = 0 site, and has exponentially suppressed overlap with states localized on the site j = N . As discussed in [22] , the N massive vectors resulting from this symmetry-breaking pattern are also linear combinations of all the fields in the quiver, but do not exhibit strong localization. Their masses are at the scale m V i ∼ gqv, with the lightest massive mode appearing at m V 1 ≈ (q − 1)gv, and the heaviest at m V N ≈ (q + 1)gv. This mass spectrum is characteristic of clockwork theories: a massless mode followed by a band of O(gv) where the N massive modes lie. In this particular UV-completion, N real scalar fields, corresponding to the radial modes of the φ j fields, will also be part of the spectrum, with masses of order ∼ v (up to quartic couplings). This is schematically depicted in Figure 2 . Given the perturbativity constraint gq 1, the massive vector modes could well lie below the scale v. However, we will assume throughout that gq ∼ 1, and use m σ ∼ v as a proxy for the scale at which massive states, both scalars and vectors, are present.
Further, as a result of charge being quantized, the symmetry breaking pattern of the theory is not quite U (1) N +1 → U (1) cw , but rather
Typical mass spectrum of vector clockwork constructions. A massless photon remains in the spectrum, followed by N massive vectors at scale m V i ∼ gqv v. In the Higgs UV-completion of the model, N scalar fields are also present, with masses m h i ∼ v.
i.e. N discrete gauge symmetries remain unbroken. 1 The leftover discrete symmetries are expressed in the spectrum of the theory through the presence of solitonic degrees of freedom: flux tubes, or cosmic strings, inside of which magnetic flux of the broken gauge directions remains confined [23] . There will be N different types of strings, all with tension T ∼ v 2 . Notice that the presence and properties of these strings can be understood purely from a semi-classical analysis of Eq.(2.2) (see e.g. [24] ), and no new degrees of freedom, or any other modification of the theory, need to be introduced at scale √ T ∼ v. Many of the interesting properties of clockwork theories stem from the exponential localization of its 0-mode. In particular, a matter field η N carrying unit charge g under the gauge group U (1) N will couple to the massless mode with strength 5) and defines the charge quantum of the unbroken U (1) factor. In general, a state η j carrying unit charge under the j-th gauge group, carries charge q j (in units of g γ ) under U (1) cw .
Compactness of the theory in the broken phase is therefore guaranteed by assuming the original N + 1 U (1) factors are also compact.
As first noted in [21] , the exponential localization of the 0-mode across the quiver, and specifically Eq.(2.5) as a direct consequence, endows this theory with rather unusual properties in the context of the WGC. In particular, specific versions of the conjecture satisfied by the UV theory (that is, before Higgsing), may be parametrically violated in the IR. For instance, the 'unit-charge' version of the conjecture may be satisfied in the UV 1 For general N , p1 = pN = q 2N + · · · + q 2 + 1, whereas the order of the other N − 2 discrete groups will typically be smaller, their exact value depending on the specific choice of q and N .
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where g is subject to the perturbativity constraint gq 1. For O(1) values of q, this is not a strong constraint, and if g is not very small, Λ may not be far below M P l . Thus, the cut-off scale defined by the WGC, below which electrically charged states must be present in the theory, can easily be above all the massive vector and scalar excitations depicted in Figure 2 , and therefore well out of reach of any low energy effective description. 4 However, in light of Eq.(2.5) it is clear that imposing this version of the conjecture in the UV does not imply that the same version is satisfied by the IR theory. In the broken phase, a state with mass m η and U (1) cw charge Q (in units of g γ ) is super-extremal if
Eq.(2.6) obviously implies Eq.(2.7) for Q = q N , and therefore the state η 0 , carrying unit charge under U (1) 0 , is guaranteed to satisfy the super-extremality condition in the IR theory. However, if m η is not too far below Λ, this may indeed be the only super-extremal state present in the Higgsed phase. As a result, from a UV theory that satisfies the stringent unit-charge version of the conjecture, we recover an IR theory in which the only superextremal state carries charge q N 1, parametrically violating the version of the conjecture imposed in the unbroken phase. 5 The discussion of the magnetic version of the conjecture proceeds along similar lines [21] . Assuming the magnetic WGC holds in the unbroken phase, Λ ∼ gM P l corresponds to the scale at which the UV theory needs to be modified in order to account for the presence of magnetic monopoles charged under the U (1) j factors [2] . Applying the same version of the conjecture to the IR theory would suggest that new physics should therefore be present at a scale g γ M P l ∼ Λ/q N Λ to account for monopoles carrying U (1) cw magnetic charge. But no modification of the theory at scale g γ M P l is required. Instead, IR monopole configurations may be built out of individual monopoles carrying magnetic charge of the U (1) j factors, connected through flux tubes. In this way, a finite energy configuration carrying U (1) cw magnetic charge can be built, and as shown in [21] the unitcharge monopole (that is, with charge 2π/g γ ) is not a black hole. Thus, the IR theory parametrically violates the magnetic form of the WGC, although it is satisfied in the UV. 2 For simplicity we assume all states ηj have similar mass ∼ mη. 3 The right-hand-side of Eq.(2.6) should include an extra factor of 1/ √ 4π, as well as 1/ √ N + 1 from considering a theory involving several U (1) factors [25] . However, since we will be focused in cases with N = O(1), these factors are irrelevant for our discussion, and we neglect them in the following. 4 Sublattice and Tower versions of the WGC further suggest that local effective field theory completely breaks down at a scale of order g 1/3 M P l [11, 14] . However, as noted in [14] , these considerations only strictly apply in dimensions greater than four, and while some version of these conjectures may persist in purely four-dimensional theories, its precise form remains unclear. Since our conclusions are independent of the specific form of the cut-off, we will stick with the unit-charge or magnetic form, Λ ∼ gM P l , unless otherwise noted. 5 As discussed in [21] , this state of affairs is however not a problem as far as arguments regarding the decay of extremal black holes are concerned: even though black holes can only lose charge modulo q N , there are no controlled extremal black hole solutions (that is, with mass above M P l ) carrying smaller charge.
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Vector clockwork through the Stückelberg mechanism
The low energy effective lagrangian of Eq.(2.1) can also be UV-completed through the Stückelberg mechanism, by introducing N axion fields θ j , each transforming non-trivially under the gauge transformation corresponding to the linear combination A j − qA j+1 . A compact axion can be dualized into a 2-form gauge field associated with an abelian gauge group. For the case at hand, the Stückelberg UV-completion of the vector clockwork construction requires introducing N such 2-forms, B j , and the corresponding lagrangian can be written as
where H j = dB j are the corresponding 3-form field strengths, and are related to the scalars θ j through the Hodge dual operation H j = * dθ j . The 2-forms B j couple to fundamental string currents in units of 2πf θ , which coincides with the periodicity of the scalars θ j . As the A j and B j each are associated with compact abelian gauge groups, the parameter q is necessarily quantized in Z. The clockwork form of the B j ∧ (F j − qF j+1 ) couplings can be understood simply as the dual of the (1, −q) "charges" dictating shifts of the axion fields θ j under gauge transformations of (A j , A j+1 ). The B j ∧ (F j − qF j+1 ) couplings of Eq.(2.8) can be rewritten in terms of the H j , which in turn may be eliminated through the corresponding equations of motion:
Plugging Eq.(2.9) back into Eq.(2.8) we precisely recover Eq.(2.1) with m 2 = g 2 f 2 θ . Naïvely, the mass spectrum of this UV-completion is as in Figure 2 except that there are no massive scalars. However, if we accept the 'radial mode' conjecture of [15] , every θ j must be accompanied by a scalar excitation appearing at a scale m σ not far above f θ . In such case, the spectrum of the theory is then in fact identical to that of Figure 2 , after the obvious replacement v → f θ .
A further consideration stems from applying the WGC to the abelian gauge groups associated to the 2-forms. Using the version of the conjecture appropriate for higher form fields [2] , one concludes that the tension T of fundamental strings coupling to the B j 's must satisfy 6 T f θ M P l . (2.10)
Much like the flux tubes present in Higgs theories, these strings will carry magnetic flux of the broken gauge directions. This can be seen by introducing string currents Σ j with couplings of the form L ∝ 2πf θ B jµν Σ µν j . Taking the divergence of the equations of motion obtained by varying with respect to the B j 's, one indeed finds
whereF j ≡ * F j . However, unlike Higgs cosmic strings which can be understood semiclassically, with no need for extra degrees of freedom beyond those featured in Eq.(2.2), the tension of Stückelberg strings defines a scale at which the field content of the theory needs to be extended. In this sense, √ T ∼ √ f θ M P l may be regarded as a cut-off scale, as mandated by the WGC [17] .
The discussion of the WGC as applied to the 1-form gauge sector is identical to the situation in the Higgs UV-completion, with fundamental strings now playing the role of flux tubes in building the IR monopoles. Depending on the sizes of g and f θ , the WGC cut-off as applied to the Stückelberg UV-completion will then be either
3 Broken vector clockwork
Parametrically light vectors from a broken clockwork
We consider a modification of the original clockwork construction by adding to the lagrangian of Eq.(2.1) an extra term of the form:
which breaks the U (1) cw symmetry. This term can be implemented through the addition of an extra Higgs field carrying unit charge under the last gauge group of the quiver, i.e. 
L ⊃ |D
A symmetry breaking term as in Eq.(3.1) arises from either of these choices, with m 2 = g 2 v 2 or g 2 f 2 θ , for the Higgs and Stückelberg UV-completions respectively. 7 In the following, we will use notation appropriate to the Higgs UV-completion of the model, but all our results apply also in the Stückelberg case unless otherwise noted.
For a 2-site model (N = 1), the eigenvalues of the modified vector mass-squared matrix can straightforwardly be obtained analytically, and are given by m 2 γ,V = (gv) 2 λ γ,V , with
7 Choosing the vev of the additional Higgs field φN (the periodicity of the additional Stückelberg axion θN ) to be different from v (f θ ) by an O(1) amount makes no qualitative difference to our conclusions.
-8 -Thus, the masses of the two vectors are, parametrically:
The theory no longer contains a massless mode, but otherwise the spectrum of states is very much like in the standard clockwork construction, with a second massive vector at the scale m V ∼ gqv v, and scalar excitations appearing at the scale ∼ v. The separation of scales between the light vector and heavier states with mass m σ ∼ v (or f θ ), is given by
where in the last step we have used the perturbativity requirement gq 1. However, this separation of scales can only be made parametrically large if one chooses q 1, which may seem ad hoc, and could potentially frustrate the theory's embedding into a full UV-completion [26, 27] .
Interestingly, the separation of scales increases exponentially by increasing the number of sites. The mass of the lightest vector in the general case containing N + 1 sites is
whereas the heavier vector spectrum is left almost unchanged. While complete analytic expressions for the eigenvalues and eigenvectors are unilluminating, it is straightforward to see the effect of the mass deformation in Eq.(3.1) on the (N + 1)-site clockwork spectrum at first order in m 2 /(gqv) 2 ∼ 1/q 2 . The mass-squared eigenvalues to first order in this perturbation are
wherem V i denote the unbroken clockwork mass eigenvalues (as in section 2.1), and [22] 
is the orthogonal matrix relating the gauge and mass eigenbases for the unperturbed clockwork,Â = OV . In particular, the mass of the lightest eigenstate at this order is precisely that of Eq.(3.8), while the perturbations to the heavier mass eigenstates are suppressed by 1/N . The lightest mass eigenstate remains exponentially localized; to first order in m 2 /(gqv) 2 ∼ 1/q 2 it is related to the unperturbed clockwork eigenvectors via
(3.12)
In particular, the admixture of the lightest mode with the heavier unperturbed mass eigenstates is suppressed by a factor of O N 0 ∼ 1/q N , preserving the localization of the zero mode observed in the unperturbed theory.
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The stated parametric behaviour apparent from perturbation theory can be seen more robustly in Figure 3 , which shows the exact numerical spectrum as a function of the number of sites. The eigenvector spectrum also very closely matches that of the unbroken clockwork construction. In particular, the lightest vector exhibits the same strong localization towards one of the sites in the quiver, as expected; this is illustrated in Figure 4 . • 
which may be parametrically large even for O(1) values of the UV parameters q and N .
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Status of the WGC
In section 3.1 we have discussed how a broken clockwork construction can feature a large separation of scales between the lightest state and any other massive excitations, even for O(1) values of the underlying UV parameters, as illustrated through Eq.(3.13). However, if we are willing to consider very small parameter values, so long as they are technically natural, we could have just as well considered a theory with a single U (1) and a Higgs field (or Stückelberg axion) carrying the unit of charge. In this case, we would find
with λ a quartic coupling controlling the radial mode mass in the Higgs or Stückelberg constructions, satisfying the perturbativity requirement λ 4π.
In fact, what we have done in our broken clockwork construction is first use the standard clockwork mechanism to generate a very small effective gauge coupling, Eq.(2.5), and then break it through a Higgs or Stückelberg axion field that carries the unit of charge under U (1) cw . Surely then, the conclusions regarding separation of scales in the two theories cannot be that different, and it is therefore a matter of taste whether one prefers a theory with very small couplings, or one with O(1) parameters but with an extended field content? It turns out that the two theories are crucially different when considered in the context of the WGC, as we now discuss.
Some of the unusual features of vector clockwork theories with regards to the WGC are expressed also in the broken version of these constructions. Specifically, a parametric separation of scales between the photon mass m γ , and any cut-off scale required by WGClike arguments remains, even in the decoupling limit in which all other massive states are taken arbitrarily heavy. For instance, in either the Higgs or Stückelberg versions of the theory with Λ ∼ gM P l , we have
where v should be replaced by f θ in the Stückelberg case. This result is largely independent of the specific form of the cut-off imposed in the UV theory. For example, if the parameters of the Stückelberg UV-completion are such that √ f θ M P l is below gM P l , we then find
Different values of Λ arising from different versions of the conjecture as applied to the UV theory lead to different parametric dependence of the ratio Λ/m γ on the model parameters, but in any case a parametrically large ratio will remain even in the decoupling limit. This is crucially different from the situation that arises from the spontaneous breaking of a single U (1) gauge group through the vev of a Higgs carrying charge g 1. In this case, the WGC cut-off-to-photon-mass ratio behaves, parametrically
i.e. imposing the WGC in the unbroken phase precludes a decoupling limit. This also holds for a Stückelberg construction, and since we are interested in g small and f θ large, the above expression trivially applies in this case after the substitution v → f θ .
Phenomenological implications

Dark photon dark matter
Massive vectors with small couplings to the SM degrees of freedom are ubiquitous in Beyond-the-Standard-Model physics. They are a common occurrence in models of dark matter featuring extended dark sectors, and appear naturally in the context of string compactifications [28] . Moreover, if sufficiently stable, they can be the dark matter [29] (see also [30] ). In [18] , an attractive mechanism for generating dark photon dark matter was proposed, in which the correct relic abundance is produced through inflationary fluctuations. The mechanism is minimal, its only necessary ingredients being a massive vector and a period of inflation. Moreover, in order for the dark photon to account for all of the dark matter, its mass must be related to the scale of inflation as follows:
effectively making the mechanism a single parameter model. For the mechanism to be successful, there must be no scalar fields with masses below H I (the Hubble scale during inflation) -if there were, the isocurvature perturbations produced would be incompatible with CMB observations, and the model ruled out [31] . Within an effective field theory framework, we would therefore expect the mechanism to be valid only if the mass of the vector is of Stückelberg type, or if the scalar excitation was parametrically decoupled in the Higgs case. The minimality of the mechanism therefore appears as appealing as it is necessary.
In light of the conjectures in [15] , however, this minimality may in fact be a curse rather than a blessing. In particular, the conjectured bounds in [15] imply that even if the dark photon mass is of a Stückelberg type, dark photon masses below ∼ 10 eV are challenging to realize in a theory of quantum gravity. If taken at face value, this would significantly compromise a large region of parameter space in which the mechanism presented in [18] is applicable, and that will be explored by future experimental proposals [32] (see e.g. Figure  6 in [18] ). Thankfully, the apparent exponential violation of the conjectures in [15] by effective field theories arising from broken clockwork reconciles this parameter space with UV-completion in a theory of quantum gravity. We now briefly review the logic presented in [15] , before showing how the result is modified in the broken clockwork constructions of section 3.1.
Taking the radial mode conjecture of [15] as a reference, and demanding that no scalar excitations be present below the inflationary scale requires [18] to be valid, H I must be below any cut-off scale beyond which the low energy effective theory breaks down. In the regime of small gauge coupling, [15] considers the Tower WGC cut-off Λ ∼ g 1/3 M P l . In this case: 5) and in turn weakens the lower bound on the dark photon mass: 6) which is ∼ µeV for, for example, q = 3 and N ≈ 16. Hence, the broken clockwork constructions discussed here allow for dark photon masses in the entire regime in which the dark photon can be the dark matter, all the way down to m γ ∼ µeV. Moreover, since the discussion above focused on the radial mode conjecture of [15] , our conclusions are valid both in the Stückelberg and Higgs versions of these models.
A mass for the Standard Model photon
As discussed in [15] , experimental constraints on the mass of the photon are stringent (see [33] for a review), with kinematic tests placing an upper bound m γ 10 −14 eV [34] [35] [36] . From a theoretical perspective, engineering such a small, but non-zero, photon mass, while complying with quantum gravity constraints on effective field theories, may turn out to be challenging. Indeed, experimental constraints combined with the conjectures of [15] provide a compelling argument that the photon must be massless.
The argument is roughly as follows: If the SM photon had a mass m γ 10 −14 eV arising from Higgsing, this would imply a scalar mode at roughly the same scale, coupling to the photon with strength e ≈ 0.3, a possibility which is clearly ruled out. A Stückelberg mass does not alleviate the problem in light of the conjectures of [15] . If the radial mode conjecture applies, then the obstruction is precisely as in the Higgs case. Even ignoring the radial mode conjecture, the theory would still feature a cut-off at scale Λ ∼ √ f θ M P l ∼ MeV, which is also incompatible with experiment.
As noted in [15] , a way out would be to assume that the electromagnetic gauge coupling is in fact quantized in units of e γ e, so that a unit-charge Higgs or Stückelberg axion could account for a non-zero SM photon mass, while remaining compatible with experimental constraints. For instance, for e γ ∼ 10 −14 , and v (or f θ ) ∼ 1 eV, one would have m γ 10 −14 eV, whereas such a light scalar excitation with electric charge O(10 −14 ) remains compatible with current measurements [37, 38] .
To some extent, the e γ 1 scenario proposed in [15] can be realised through the broken clockwork constructions presented here. Specifically, it corresponds to applying the clockwork mechanism as discussed in section 2 to the hypercharge gauge group of the SM, and assuming the rest of the SM field content remains localized on the j = 0 site. In this case the electromagnetic charge quantum would now be
assuming that the vev of the Higgs (or the period of the Stückelberg axion) fields responsible for the clockwork mechanism is much larger than the scale of electroweak symmetry breaking in the SM. In this construction, SM fermions carry electric charges in units of q N e γ . Moreover, a unit charge Higgs (or Stückelberg axion) localized on the j = N site will lead to a small mass for the photon, of order
In this construction, however, v (or f θ ) cannot be taken as low as ∼ 1 eV. As discussed in section 2.1, a distinctive feature of clockwork constructions is the presence of massive vector modes at scale m V ∼ gqv v. Since these massive vectors are not strongly localized across the quiver, their coupling to localized matter will be O(1). Massive copies of neutral SM gauge bosons with O(1) couplings to SM fermions are highly constrained by experiments, with direct searches putting lower bounds on their masses of order ∼ 4 TeV (see e.g. [39] ). Constraints on clockwork models are likely to be stronger, given the multiplicity of states, so that v (or f θ ) 10 TeV to remain consistent with current data. Together with the experimental requirement m γ 10 −14 eV, generating a photon mass consistent with all constraints and the conjectures in [15] which can be achieved, for instance, for q = 5 and N ≈ 38.
Conclusions
Looking for consistency conditions applicable to effective field theories by demanding they remain compatible with a UV embedding into a theory of quantum gravity -the philosophy behind the Swampland program -is a promising enterprise. At a time of much needed guidance in Beyond-the-Standard-Model physics, given the lack of unambiguously positive results from collider and dark matter detection experiments, a well-defined set of conditions would be welcome. However, for the Swampland program to be relevant to the low energy theorist building models to solve the various problems that afflict particle physics today, the conjectures must be sufficiently compelling as applied to four-dimensional effective field theories in the far IR. In particular, the existence of controlled counter-examples that apparently violate Swampland conjectures at low energies, but nevertheless allow for consistent (albeit partial) UV-completions, weakens the extent to which the conjectures provide a meaningful guiding principle for IR phenomenology.
We have shown that the conditions proposed in [15] (conjectures (1 ) and (2 ) in the Introduction), aimed at effective field theories containing light vectors with Stückelberg masses, can be parametrically violated while still remaining compatible with a UV-completion into a theory that satisfies them. Moreover, such UV-completion can be implemented both in the context of the Higgs and Stückelberg mechanisms.
The constructions we have considered here are a small modification of the original clockwork axion models [19, 20] as applied to vectors. The axion constructions of [19, 20] were first proposed in order to obtain a low energy effective theory featuring an axion field with an effective decay constant f M P l , but without introducing super-Planckian parameters from the UV perspective. The vector version was first introduced in [21] , in order to illustrate how versions of the WGC satisfied in the UV may be parametrically violated by the effective theory that remains at low energies. It is of little surprise, then, that a small modification of this construction -namely, through the breaking of the continuous symmetry that the clockwork mechanism leaves unbroken -would serve to circumvent analogous versions of the Swampland conjectures that apply to theories with massive vectors.
An open question remains as to whether a continuum version of clockwork theories (both in their unbroken and broken versions) exists that exhibits the same properties with respect to WGC and more general Swampland arguments. In line with the discussion in [40] , a continuum version of the standard clockwork constructions discussed here can be obtained by promoting the discrete lattice to a flat extra dimension, and including bulk and brane mass terms. Further breaking of the U (1) gauge symmetry that remains unbroken from the four-dimensional perspective can be obtained, for example, through a Higgs field living on the opposite brane to which the massless field is exponentially localized. It is unclear, however, the extent to which compactness and separation of scales with respect to WGC cut-offs are mimicked in this continuum version, leaving it a topic for future work.
